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Abstract
The relativistic bound-state energy spectrum and the wavefunctions for the Coulomb potential are studied for de
Sitter and anti-de Sitter spaces in the context of the extended uncertainty principle. Klein-Gordon and Dirac equations
are solved analytically to obtain the results. The electron energies of hydrogen-like atoms are studied numerically.
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1 Introduction
The standard Heisenberg uncertainty principle (HUP) [1] of quantum mechanics represents one of the fundamental prop-
erties of quantum systems. According to HUP, there should be a fundamental limit for the measurement accuracy where
certain pairs of physical observables, such as the positions and momenta or energy and time, cannot be simultaneously
measured with full accuracy. A large number of studies have converged on the idea that the HUP should be reformulated
for systems with energies close to the Planck scale κ, which incorporates the concept of minimum measurable length [2–6].
The minimum measurable length idea is predicted by different tentative approaches to quantum gravity such as string
theory [7, 8], quantum geometry [9, 10], loop quantum gravity [11] and black hole physics [12, 13]. This fundamental
scale leads to a modification of the Heisenberg uncertainty principle to the so-called generalized uncertainty principle
(GUP) [14–16]. The GUP ideas are characterized by a deformation of the classical Heisenberg uncertainty relation and
the most widely adopted generalization of the Heisenberg uncertainty principle reads [14],
(∆X) (∆P ) >
~
2
(
1 + lp (∆P )
2
)
. (1)
If lp is a positive constant, the formula implies the existence of a minimal momentum uncertainty. If lp is a negative
constant, no minimal uncertainty occurs.
On the other hand, there exists another form of the deformed Heisenberg uncertainty principle which is called the
extended uncertainty principle (EUP) [17–22] which takes into account the large distances where, due to gravity, the
spacetime is curved. We have,
(∆Xi) (∆Pi) >
~
2
(
1 +
(∆Xi)
2
l2H
)
, (2)
where lH is the (anti-)de Sitter radius which is related to the cosmological constant (Λ) as Λ = −3/l2H. The EUP
modifies the standard commutation relations between position and, the momentum and the coordinate representation of
the momentum operators for this model become position-dependent.
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S. Mignemi showed that EUP can be derived from the geometric properties of the (anti-)de Sitter spacetime, with
a suitable parametrization [17]. In addition to this, it is shown that the EUP arises naturally from the first terms in
the expansion of any metric, which means that the corrections to the Hawking temperature of Schwarzschild black hole
can be computed by incorporating the gravitational interaction as an external force on a flat background, and neglecting
the curvature of spacetime [18]. To our knowledge, only a few works have studied the influence of extended uncertainty
principle on quantum mechanical problems [23–35].
In this paper, we study the problem of relativistic Coulomb potential in the framework of the extended uncertainty
principle in (3+1) dimensional spacetimes. We solve the problem of Coulomb potential for the Klein-Gordon and Dirac
equations to get the exact form of the energy levels and eigenfunctions. This paper is organized as follows: In Sect. 2, we
introduce the main relations of quantum mechanics with the extended uncertainty principle. In sections 3 and 4, we solve
the Klein-Gordon and Dirac equations exactly in (3+1) dimensions with the Coulomb-like interaction in the context of
EUP in the position space representation. Section 5 contains the conclusion.
2 The Extended Uncertainty Relation
In three-dimensional space, the modified Heisenberg algebra leading to EUP is given by the following deformed commu-
tation relations [17],
[Xi, Pj ] = iℏ (δij − sλXiXj) ; i = j = 1, 2, 3,
[Xi, Xj ] = 0; [Pi, Pj ] = −iℏsλLij, (3)
where λ = − 1
l2
H
s
is a small parameter of dimension of inverse distance squared, Lij = XiPj −XjPi, s = 1 for de Sitter
space and s = −1 for anti-de Sitter space. These commutation relations lead to the extended uncertainty principle,
(∆Xi) (∆Pi) ≥ ℏ
2
(
1− sλ (∆Xi)2
)
. (4)
In anti-de Sitter space (s = −1) , the uncertainty relation (4) is characterized by the appearance of a non-zero minimal
uncertainty in momentum (MUM),
(∆Pk)min =
ℏ
√
λ
2
, ∀k, (5)
and for the case of de Sitter space (s = 1), no lower bound on the measurable length arises. An explicit representation of
the momentum and position operators obeying Eq. (3) is given by,
Xi =
xi√
1 + sλr2
, where r =
3∑
i=1
x2i . (6)
Pi =
ℏ
i
√
1 + sλr2
∂
∂xi
, (7)
in the position representation. In (anti-)de sitter space, the scalar product is not the usual one, but it is defined as,
〈φ |ψ〉 =
∫
d~r√
1 + sλr2
φ† (~r)ψ (~r) , (8)
which preserves the hermiticity of the position operator.
3 Klein-Gordon Equation for the Hydrogen Atom
In this section, we will study the eigenvalue problem of the Klein-Gordon equation for a Coulomb-type interaction in
(3+1) dimensional spacetime. We have, [(
E +
Ze2
R
)2
− c2P 2 −m2c4
]
ψ = 0. (9)
In de Sitter space, the momentum squared and distance operators act in coordinate space as
P 2ψ = −~2
[(
1 + λr2
)( ∂2
∂r2
+
2
r
∂
∂r
− Lˆ
2
ℏ2r2
)
+ λr
∂
∂r
]
ψ, (10)
2
Rψ =
r√
1 + λr2
ψ, (11)
where Lˆ is the orbital angular momentum operator whose eigenfunctions are given in terms of the spherical harmonics,
Lˆ2Yℓ,ν (θ, ϕ) = ℏ
2ℓ (ℓ+ 1)Yℓ,ν (θ, ϕ) , (12)
where ℓ and ν are quantum numbers. Using (10) and (11) in Eq. (9), we obtain,[(
1 + λr2
)( ∂2
∂r2
+
2
r
∂
∂r
− Lˆ
2
ℏ2r2
)
+ λr
∂
∂r
+
2ZµE
~c
√
1 + λr2
r
+ (Zµ)
2
(
1 + λr2
)
r2
+
E2 −m2c4
~2c2
]
ψ = 0, (13)
where µ = e
2
~c ≃ 1/137.03602 is Sommerfeld’s fine-structure constant and 2π~m = 2.4263 × 10−12m is the Compton
wavelength. For the wave function ψ, we make the ansatz,
ψ =
̥ℓ (r)√
r
Yℓ,ν (θ, ϕ) . (14)
The angular and radial dependent parts can now be separated to yield the radial equation,[(
1 + λr2
)( d2
dr2
+
1
r
d
dr
− δ
2
r2
)
+ λr
d
dr
+
2ZµE
~c
√
1 + λr2
r
+
E2 −m2c4
~2c2
− λ
2
]
̥ℓ (r) = 0, (15)
with δ2 =
(
ℓ+ 12
)2 − (Zµ)2 . Let us now transform Eq. (15) into a hypergeometric differential equation by using two
successive changes of variables as
κ =
√
1 + λr2√
λr
and y =
1
2
(1− κ) . (16)
Equation (15) takes the form,
y (1− y) ∂2
∂y2
+
(
1
2
− y
)
∂
∂κ
−
δ2 − 2ZµE
~c
√
λ
− E2−m2c4
~2c2λ − 12
4y
−
δ2 + 2ZµE
~c
√
λ
− E2−m2c4
~2c2λ − 12
4 (1− y) + δ
2

̥ℓ (y) = 0. (17)
The latter equation possesses three regular singular points located at y = {0, 1,∞}. Applying the definition,
̥ℓ (y) = y
a (1− y)b Ξℓ (y) , (18)
the Eq. (17) will reduce to the hypergeometric type, namely,{
y (1− y) ∂
2
∂y2
+
(
1
2
+ 2a− y (1 + 2a+ 2b)
)
∂
∂y
−
[
(a+ b)
2 − δ2
]}
Ξℓ (y) = 0, (19)
where a and b are given by
a =
1
4
+
1
2
√
δ2 − 2ZµE
~c
√
λ
− E
2 −m2c4
~2c2λ
+
3
4
, (20)
b =
1
4
+
1
2
√
δ2 +
2ZµE
~c
√
λ
− E
2 −m2c4
~2c2λ
+
3
4
. (21)
The regular solution at the origin y = 0 of Eq.(19) is written in terms of the hypergeometric function as,
Ξℓ (y) = F
(
A;B;
1
2
+ 2a; y
)
, (22)
whose parameters are given by
A = a+ b− δ; B = a+ b+ δ. (23)
The hypergeometric function becomes a polynomial of degree n when
A = −n or B = −n where n = 0, 1, 2, ... (24)
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In both cases, we have
1
2
+
1
2
√
δ2 +
3
4
+
m2c4
~2c2λ
− 2ZµE
~c
√
λ
− E
2
~2c2λ
+
1
2
√
δ2 +
3
4
+
m2c4
~2c2λ
+
2ZµE
~c
√
α
− E
2
~2c2λ
+ δ = −n. (25)
The energy spectrum can be obtained from (25) which leads to
EdSKG =
mc2
√√√√1− ~2λm2c2
[(
N − ℓ− 12 +
√(
ℓ+ 12
)2 − (Zµ)2)2 + (Zµ)2 − ℓ (ℓ+ 1)− 1
]
√
1 + Z
2µ2(
N−ℓ− 12+
√
(ℓ+ 12 )
2−(Zµ)2
)2
, (26)
where N = n + ℓ + 1 is the principal quantum number. We observe that the energy levels depend on the deformation
parameter λ. This is a natural consequence of the modified Heisenberg algebra. We also note that the energy levels
depend on N2, which is the feature of hard confinement. According to the energy levels, we remark the following:
• The constraint ℓ+ 12 > Zµ is necessary for the existence of physical energy eigenvalues.
• For ℓ = 0, we must impose Z 6 69 and bound states do not exist for larger Z-values.
• For larger N -values, the energy spectrum would have an unphysical behavior.
The expansion of Eq.(26) up to the first order in λ yields
EdSKG = εKG −
~2λεKG
2m2c2



N − ℓ− 1
2
+
√(
ℓ+
1
2
)2
− (Zµ)2


2
+ (Zµ)
2 − ℓ (ℓ+ 1)− 1

 , (27)
where,
εKG = mc
2

1 + Z
2µ2(
N − ℓ − 12 +
√(
ℓ+ 12
)2 − (Zµ)2)2


− 12
. (28)
The first term in (27) is the energy spectrum of the ordinary three-dimensional Coulomb potential of spin-0 particles with
no deformation, while the second term represents the correction due to the presence of the EUP. Expanding (27) in powers
of (Zµ) yields
W dsKG = E
dS
KG −mc2 = −
mZ2e4
2~2N2
− ~
2λ
2m
[
N2 − ℓ (ℓ+ 1)− 1]−mc2Z4µ4
2N4
(
N
ℓ+ 12
− 3
4
){
1− ~
2λ
2m2c2
[
N2 − ℓ (ℓ+ 1)− 1]}
+
~2λ
2m
(Zµ)
2
2N2
{[
2N3(
ℓ+ 12
) −N2 − ℓ (ℓ+ 1)− 1
]
+ (Zµ)
2
[
1 +
N3
2
(
ℓ+ 12
)3 − N2
2
(
ℓ+ 12
)2 − N(ℓ+ 12)
]}
. (29)
The first and the second terms in (29) represent the non-relativistic energy levels of hydrogen in dS space [35], while the
other terms are relativistic corrections in dS space.
The same calculation can be performed for the case of anti-de Sitter space by taking the change of the sign in the
deformation into the account by using λ > 0. The energy spectrum of the system is found as
EAdSKG =
mc2
√√√√1 + ~2λm2c2
[(
N − ℓ− 12 +
√(
ℓ+ 12
)2 − (Zµ)2)2 + (Zµ)2 − ℓ (ℓ+ 1)− 1
]
√
1 + Z
2µ2(
N−ℓ− 12+
√
(ℓ+ 12 )
2−(Zµ)2
)2
. (30)
We can plot our results for different scenarios. The contribution of the deformation is very small numerically for physical
values of the parameters. Thus we take ~ = c = m = 1 in order to avoid numerical errors and make the effect of the
4
deformation factor visible in the graphics. In Fig. (1) we plot the ratio
E
(A)dS
KG
εKG
with respect to N for some values of the
deformation parameter λ. Here, ℓ = 0 and Z = 50. We see that the curves for the AdS case grow with N , while they
decrease almost rapidly with N in the dS case. The undeformed calculation shown with a solid line with λ = 0 gives the
ratio as unity as expected.
The Figures (2) and (3) show the behavior of the energy eigenvalues E
(A)dS
KG with respect to Z. We take N = 1 and
ℓ = 0 in Fig. (2). As we have calculated above, no bound states exist for Z > 69. In Fig. (3), for N = 3 and ℓ = 1, we
verify the condition ℓ+ 12 > Zµ graphically by having Z = 206 as the accumulation point.
Figure 1:
E
(A)dS
KG
εKG
vs. N
Figure 2: E
(A)dS
KG vs. Z for N = 1, ℓ = 0
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Figure 3: E
(A)dS
KG vs. Z for N = 3, ℓ = 1
4 Dirac Equation for the Hydrogen Atom
The Dirac equation in the presence of the Coulomb potential V is[
c−→α−→·P + βmc2 − E + V
]
ψ = 0, (31)
where the matrices α and β satisfy the anticommutation relations,
{αi, β} = 0; {αi, αj} = 2δij ; i, j = 1, 2, 3. (32)
An explicit familiar representation of α and β is provided by
αi =
(
0 σi
σi 0
)
; β =
(
1 0
0 −1
)
, (33)
where σi are 2× 2 Pauli spin matrices. In spherical coordinates, the operator −→α−→·P can be written as
−→α−→·P =
√
1 + λr2−→α−→·p = −i~
√
1 + λr2αr
(
∂
∂r
+
1
r
− β
~r
K
)
, (34)
in the deformed case. Here,
αr =
−→α−→·r ; K = β
(−→∑
· −→L + ~
)
;
−→∑
=
( −→σ 0
0 −−→σ
)
, (35)
where the last operator is absent in the Klein-Gordon equation. The solution ansatz of (31) can be chosen such that
ψ =
(
f1 (r)Yκ,ν (θ, ϕ)
if2 (r)Y−κ,ν (θ, ϕ)
)
, (36)
where Yκ,ν (θ, ϕ) are spinor spherical harmonics. Considering the action of the operator K, we have
KYκ,ν (θ, ϕ) = −~κYκ,ν (θ, ϕ) ,
KY−κ,ν (θ, ϕ) = ~κY−κ,ν (θ, ϕ) , (37)
where the quantum number κ is defined as
κ = ±
(
j +
1
2
)
=
{ − (ℓ+ 1) for j = l + 1/2
ℓ for j = l − 1/2 . (38)
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Using the expression for −→α−→·P we can rewrite Eq. (31) as[
−i~c
√
1 + λr2αr
(
∂
∂r
+
1
r
− β
~r
K
)
+ βmc2 − E + V
]
ψ = 0. (39)
From this equation, we get two coupled differential equations:(
E −mc2
~c
+ Zµ
√
1 + λr2
r
)
f1 (r) =
√
1 + λr2
(
κ− 1
r
− d
dr
)
f2 (r) , (40)
(
E +mc2
~c
+ Zµ
√
1 + λr2
r
)
f2 (r) =
√
1 + λr2
(
κ+ 1
r
+
d
dr
)
f1 (r) . (41)
These two equations can be solved exactly by a diagonalization procedure [36],(
g1
g2
)
=
(
1 X
X 1
)(
f1
f2
)
, (42)
where X = γ−κZµ and γ =
√
κ2 − (Zµ)2. which transforms Eqs. (40) and (41) into the following equations,
[√
1 + λr2
d
dr
+ (γ + 1)
√
1 + λr2
r
− Zµ
γ
E
~c
]
g1 =
[
mc2
~c
+
κ
γ
E
~c
]
g2, (43)
[√
1 + λr2
d
dr
+ (1− γ)
√
1 + λr2
r
+
Zµ
γ
E
~c
]
g2 =
[
mc2
~c
− E
~c
κ
γ
]
g1. (44)
This system gives the following differential equation for the component g2 (r) =
1√
r
Ξ (r) ,
[(
1 + λr2
)( d2
dr2
+
1
r
d
dr
)
+ λr
d
dr
−
(
γ − 12
)2
r2
+
2ZµE
~c
√
1 + λr2
r
+
E2 −m2c4
~2c2
− λ
(
γ2 − 1
4
)]
Ξ (r) = 0. (45)
Following the same procedure in the Klein-Gordon case, the solution is obtained as by,
Ξ = ya1 (1− y)b1 F
(
A1;B1;
1
2
+ 2a, y
)
, (46)
with F being a hypergeometric function with the parameters
A1 = a1 + b1 −
(
γ − 1
2
)
; B1 = a1 + b1 +
(
γ − 1
2
)
, (47)
where
a1 =
1
4
+
1
2
√
γ2 − 2µZE
~c
√
λ
− E
2 −m2c4
~2c2λ
; b1 =
1
4
+
1
2
√
2µZE
~c
√
λ
+ γ2 − E
2 −m2c4
~2c2λ
. (48)
If A1 = −n or B1 = −n, (n = 0, 1, 2, ...), the hypergeometric function reduces to a polynomial in y whose degree is n, and
then we have
γ +
1
2
√
γ2 +
m2c4
~2c2λ
− 2µZE
~c
√
λ
− E
2
~2c2λ
+
1
2
√
γ2 +
m2c4
~2c2λ
+
2µZE
~c
√
λ
− E
2
~2c2λ
= −n. (49)
We can obtain the energy eigenvalues by solving this equation for E, namely,
EdSDirac =
mc2
√√√√1− ~2λm2c2
[(
N − j − 12 +
√(
j + 12
)2 − (Zµ)2)2 + (Zµ)2 − (j + 12)2
]
√
1 + µ
2Z2(
N−j− 12+
√
(j+ 12 )
2−(Zµ)2
)2
, (50)
7
where N = n+ j + 12 is the principal quantum number. The equation (50) gives the energy levels of hydrogen-like atoms
in de Sitter space. The energy levels depend on the principal quantum number N , j, Z and the deformation parameter
λ. It should be emphasized that the energy depends on the quantum number j, which is associated with both orbital
angular momentum and spin. The other thing to notice about Eq. (50) is that for states with N = 1 and j = 1/2, the
energy spectrum is given by,
EdSDirac = mc
2
√
1− (Zµ)2. (51)
In this special limit, it can be easily seen that the effects of the deformation have been totally disappeared and, if (Zµ) = 1,
the energy becomes zero, i.e. EdsN = 0.
In addition, if Zµ > j+ 12 the energy levels in (50) become complex which means that there exists no regular polynomial
solutions for ns1/2 or np1/2 states when the charge is greater than Z > 137.
Expanding Eq.(50) to the first order in λ, we obtain
EdSDirac = εDirac −
~2λεDirac
2m2c2



N − j − 1
2
+
√(
j +
1
2
)2
− (Zµ)2


2
+ (Zµ)2 −
(
j +
1
2
)2 , (52)
where
εDirac = mc
2

1 + µ
2Z2(
N − j − 12 +
√(
j + 12
)2 − (Zµ)2)2


−1
2
. (53)
Cleary, the first term is identical with the Dirac energy levels in the ordinary case. The second term represents the
correction due to the presence of the extended uncertainty principle. Moreover, the series expansion of (52) in powers of
(Zµ) reads
W dsDirac = E
dS
N −mc2 = ǫN ;j +∆EN ;j, (54)
where
ǫN ;j = −Z
2e4m
2~2N2
−mc2µ
4Z4
2N4
(
N(
j + 12
) − 3
4
)
. (55)
Here, the first term is the energy spectrum of the non-relativistic hydrogen atom, the second term contains all of the
details of the fine structure, and
∆EN ;j = −~
2λ
2m
[
1− Z
2µ2
2N2
− µ
4Z4
2N4
(
N
j + 12
− 3
4
)][
N2 −
(
j +
1
2
)2
− (Zµ)2
(
1 +
(Zµ)2
4
(
j + 12
)2
)(
N
j + 12
− 1
)]
. (56)
The formula (54) shows the effect of the EUP on the non-relativistic energy levels for the one-electron atom. We observe
that the EUP correction carries new terms associated with the relativistic correction, which do not exist in the undeformed
case.
Consequently, we can calculate the electron energies of hydrogen-like atoms in de Sitter space using our results with
the numerical values of mc2 = 511004.1eV and
√
λ = 0.252× 106m−1 [28, 37]. The results are given in Table 1.
N ℓ j Label ǫN ;j (eV) |∆EN ;j| (eV)
1 0 1/2 1s1/2 −13.605 0
2 0 1/2 2s1/2 −3.40132 3. 415 0× 10−8
2 1 1/2 2p1/2 −3.40132 3. 415 0× 10−8
2 1 3/2 2p13/2 −3.40127 0
3 0 1/2 3s1/2 −1.51169 1. 940 5× 10−8
3 1 1/2 3p1/2 −1.51169 1. 940 5× 10−8
3 1 3/2 3p3/2 −1.51168 1. 212 8× 10−8
3 2 3/2 3d3/2 −1.51168 1. 212 8× 10−8
3 2 5/2 3d5/2 −1.51167 0
Table 1: Energy levels of hydrogen-like atoms.
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The same calculation can be performed for the case of anti-de Sitter space. According to the correspondence λ→ −λ,
the energy levels of a spin-1/2 particle in a Coulomb potential in anti-de Sitter space can be written as
EAdSDirac =
mc2
√√√√1 + ~2λm2c2
[(
N − j − 12 +
√(
j + 12
)2 − (Zµ)2)2 + (Zµ)2 − (j + 12)2
]
√
1 + µ
2Z2(
N−j− 12+
√
(j+ 12 )
2−(Zµ)2
)2
. (57)
We can plot our results as in the Klein-Gordon case, following the same numerical procedure. We observe the same
behavior in the energy curves.
In Fig. (4) we plot the ratio
E
(A)dS
Dirac
εDirac
with respect to N for some values of λ. We see that the curves for the AdS case
grow with N , while they decrease with N in the dS case. The undeformed energy value corresponding to λ = 0 is shown
with a solid line where E
(A)dS
Dirac = εDirac.
The Figures (5) and (6) show the behavior of the energy eigenvalues E
(A)dS
Dirac with respect to Z. In Fig. (5) we take
N = 2 and j = 1/2 and using Zµ > j + 12 , we see that the bound states are limited by Z < 137. The results are similar
in Fig. (6) where N = 4, j = 3/2 and Z < 274.
Figure 4:
E
(A)dS
Dirac
εDirac
vs. N
Figure 5: E
(A)dS
Dirac vs. Z for N = 2, j = 1/2
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Figure 6: E
(A)dS
Dirac vs. Z for N = 4, j = 3/2
5 Conclusion
We studied the Klein-Gordon and Dirac equations for the relativistic Coulomb potential in the framework of the extended
uncertainty principle for de Sitter and anti-de Sitter spaces. We treated the problem analytically and obtained the energy
spectra and the eigenfunctions exactly in both cases. Eventually, we obtained the relativistic bound-state energy spectra
for hydrogenic atoms and the corresponding wave functions for the spin 0 and 1/2 cases.
We solved the Klein-Gordon and Dirac equations in terms of the hypergeometric functions and utilizing the conditions
that truncate the series to yield a polynomial solution, we obtained the energy eigenvalues. Analyzing the energy spectra,
we found the limits ℓ + 12 > Zµ and Zµ < j +
1
2 which are necessary for the existence of physical energy eigenvalues in
the Klein-Gordon and Dirac cases, respectively.
Furthermore, we used our analytical results to create a numerical table for the energy levels of hydrogen-like atoms
and plot some graphics to present the effects of the deformation on the energy spectra and the accumulation of the curves
to a certain Z-value in a visual way for de Sitter and anti-de Sitter spaces.
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